We demonstrate the efficiency of a modification of the normal homotopy analysis method (HAM) proposed by Liao [2] by including a non-homogeneous term in the auxiliary linear operator (this can be considered as a special case of ''further generalization'' of HAM given by Liao in [2]). We then apply the modified method to a few examples. It is observed that including a non-homogeneous term gives faster convergence in comparison to normal HAM. We also prove a convergence theorem, which shows that our technique yields the convergent solution.
Introduction
Unlike perturbation methods [1] , the homotopy analysis method (HAM) does not require the existence of a small parameter in terms of which a perturbation solution is developed and is thus valid for both weakly and strongly nonlinear problems. Most chemistry, engineering and physics problems are modelled by nonlinear differential equations. It is difficult to find analytical solutions of nonlinear problems except in a few examples. In recent years determining approximate analytical solutions using the homotopy analysis method has generated a lot of interest due to its applicability and efficiency and this technique has been successfully applied to a number of nonlinear problems [3] [4] [5] [6] [7] [8] [9] . Some modifications for different types of nonlinear equations have been developed in the literature [10] [11] [12] [13] [14] [15] . Additional information on HAM can be found in Refs. [16] [17] [18] [19] . In this paper we attempt to answer the question, ''Is there any additional freedom we can exploit in the framework of the homotopy analysis method such that we get the same solutions in a fewer number of HAM approximations''? In other words, ''Is it possible to reduce the order of the HAM approximation for obtaining the required approximate analytical solution to a given accuracy''? We give a brief introduction to Liao's scheme and the proposed scheme in the following two sections. Later we give the relation between the proposed scheme and a further generalization of Liao's scheme, as given in [2] . We then propose criteria for choosing the additional terms and solve the considered problems. Finally we give the conclusions of the major results of the paper.
Basic idea of the homotopy analysis method
Homotopy is a basic concept of topology [21, 22] . To demonstrate the basic features of the homotopy analysis method, let us consider the following differential equation:
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where N is a nonlinear operator, t denotes the independent variable and uðtÞ is an unknown function. For simplicity we ignore all boundary and/or initial conditions, which can be treated in a similar manner. Liao [2] 
Non-homogeneous auxiliary linear operator
To the best of our knowledge there is no prior implementation of the technique proposed in this work in the literature. In order to apply the HAM, a prior knowledge of some of the properties of the solution is desirable either through a knowledge of the physics or through numerical solutions, so that an appropriate choice of base functions can be made. After choosing the base functions we choose the auxiliary linear operator, auxiliary function and auxiliary parameter so that the solution of each deformation equation exists and the solution of each deformation equation can be expressed in terms of the base functions. Let (1) be the equation that we have to solve. Our technique modifies Liao's technique by taking the auxiliary linear operator in the following form:
L½/ðt; qÞ þ cGðt; qÞ where L½/ðt; qÞ is the usual auxiliary linear operator following Liao, c is a constant and Gðt; qÞ is a function of t and q, which is zero at q ¼ 0 and q ¼ 1. For illustrating this general idea throughout the paper we choose a simple form of Gðt; qÞ, namely Gðt; qÞ ¼ qð1 À qÞf ðtÞ
The form of the zero order deformation equation taken in this work is:
ð1 À qÞL½/ðt; qÞ À u 0 ðtÞ þ cqð1 À qÞf ðtÞ ¼ qhHðtÞN½/ðt; qÞ ð11Þ
At, c ¼ 0 the above equation reduces to the original form (2) of the zero order deformation equation as taken by Liao [2] . After this change, the whole procedure of finding either the higher order deformation equations or the approximate solution is the same as mentioned previously. Applying this procedure may also reduce the computational cost for a given accuracy. At q ¼ 0 and q ¼ 1, Eq. (11) reduces to the form (3); this is the basic requirement of HAM. The procedure of finding the high order deformation equations is similar to Liao [20] . Only the form of the 1st and 2nd order deformation equation change, i.e., from 3rd order onwards, the form of the higher order deformation equations is exactly the same as Liao's [2] . Throughout the discussion the position of c and f ðtÞ will be fixed and will be common to all problems. Clearly, at c ¼ 0 we obtain the solution of Liao's scheme.
Relation to further generalization of HAM
The above suggested approach can also be considered as a special case of ''Further Generalization'' of HAM given by Liao in his book [2] . Liao 
We can relate our approach to Liao's generalized form as a special case by choosing AðqÞ ¼ BðqÞ ¼ q; H 2 ðtÞ ¼ 1; h 2 ¼ À1 and F ¼ f ðtÞ.
Criteria for the choice of c and f ðtÞ
Let fe k ðtÞ : k ¼ 1; 2; 3; . . .g denote the complete set of base function for the solution of uðtÞ. Then, we can express
where s is a positive integer and the constant ''c'' is presumed to be subsumed in the constants ''c k ''. Then, the mth order HAM approximation contains (s + 1) convergence-control parameters namely: h; c 1 ; c 2 ; . . . ; c s , whose optimal value can be determined by the minimization of the square residual error of the governing equation as shown by Liao in the so-called optimal HAM [15] . Suppose D m is the square residual error of Eq. (1) at mth order HAM approximation, then
where the interval ½a; b belongs to the domain of the problem considered. We can determine the constants by solving the following algebraic equations:
Mathematical formulation, convergence theorem and examples
In order to demonstrate the efficiency of this technique we present an analysis of the following problems and also prove a convergence theorem. Example 1. Consider the following non-linear differential equation [2] :
The exact solution of Eq. (19) 
where
The mth order approximate solution uðtÞ is given by:
Before discussing the solution, following Liao [2] , we prove a convergence theorem. (10) and (29), it must be the exact solution of (19 Now adding column-wise we get
Taking the limit n ! 1 and noting that h -0 and HðtÞ -0 and finally using (31), we get
From (29) we have
From the above equations we have _ SðtÞ þ S 2 ðtÞ À 1 ¼ 0; t P 0 and it also holds Sð0Þ ¼ 0 Therefore according to the above two equations SðtÞ must be the exact solution of (19) . Thus the theorem is valid even in the case of the non-homogeneous auxiliary linear operator. It is evident from the proof that this is true for any value of c and f ðtÞ. h
Solution:
We choose f ðtÞ ¼ c 1 expðÀtÞ þ c 2 expðÀ2tÞ and fix c 1 ¼ 0 because it's use would produce secular terms. We fix h ¼ À1 and HðtÞ ¼ expðÀtÞ for both the schemes. We can determine c 2 from the Fig. 1 where D m has been plotted vs. According to Kahn and Zarmi [23] , the exact relation between and A is:
where KðfÞ is the complete elliptic integral of first kind. According to the above exact solution, tends to infinity as jAj approaches to 1. We find the amplitude A using the proposed scheme by removing the secular terms [2] and then we compare our results with Liao's results [2] . We choose the same initial guess u 0 ðtÞ ¼ sinðtÞ and the auxiliary function HðtÞ ¼ 1 for both the schemes. The set of base functions in this case is fsin½ð2m þ 1Þt : m P 0g ð46Þ
and the auxiliary linear operator is L½/ðt; qÞ ¼ @ 2 ½/ðt; qÞ @t 2 þ /ðt; qÞ ð47Þ Table 2 Comparison between the corresponding first derivative series for both the schemes with first derivative of exact solution at different time. This is the auxiliary operator in Liao's scheme. We apply the above mentioned procedure for this problem. We choose f ðtÞ ¼ c 1 sinðtÞ þ c 2 sinð3tÞ þ c 3 sinð5tÞ and fix c 1 ¼ 0 because it's use would produce secular terms. We fix h ¼ À 1 5 and HðtÞ ¼ 1 for both the schemes. As a special case we use c 2 ¼ 0 and find c 3 from Fig. 4 . The corresponding results are presented in Table 3 . Following Liao [2] , we take
then for each value of we obtain the square residual error in Fig. 5 and we choose c 1 ¼ 0 for f ðtÞ ¼ c 1 sinðtÞ þ c 2 sinð3tÞ.
Clearly, the square residual error decreases. We find approximately the same h-curves as found by Liao [2] , so that the region of convergence is approximately the same.
Example 3. For the above example it has been shown in [2] that it admits multiple solutions, when the set of base functions is of the form fsin½ð2m þ 1Þjt : m P 0; j P 1g ; c 1 ¼ c 2 ¼ 0 of order 11. Table 3 The analytical approximations of A when ¼ 25; h ¼ À 1 5 and HðtÞ ¼ 1. 
Order of approximation
Clearly A is unknown in the above equation and we obtain find this by removing the secular terms like [2] for different values of and j. From Eq. (50), it holds
Because the problem is the same except for the parameter j, we can apply the above technique here also. We choose the same initial guess u 0 ðtÞ ¼ sinðjtÞ and the auxiliary function HðtÞ ¼ 1 as taken by Liao in [2] . In this case we choose Tables 4 and 5 . The exact analytical result is given by the implicit formula ; c 1 ¼ 0; j ¼ 3; ¼ 90 of order 11, by means of HðtÞ ¼ 1.
Table 4
Comparison of the analytical approximation of A between Liao's scheme and proposed scheme when
and HðtÞ ¼ 1.
Order of approximation Table 1 , that we obtain adequate accuracy with our proposed scheme for a maximum approximation of order 10. This is a significant improvement over Liao's scheme with a little additional effort. The first derivative of the approximate solution found by the proposed scheme also agrees well with the first derivative of the exact solution in comparison to Liao's scheme as shown in Table 2 . Similarly, we see faster convergence not only for the solutions but also for the HAM amplitudes found by removing the secular term for the Duffing-oscillator problem in space. This is clear from Tables 3-5 . We can observe from the above analysis that a little additional effort leads to a significant improvement in the approximate solutions by reducing the square residual error. 
